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An experimental and analytical investigation is carried out to examine the in-plane compressive response of pyramidal
truss core sandwich columns. The identiﬁed failure mechanisms include Euler buckling, shear buckling and face wrinkling.
The operative mechanism is dependent on the properties of the bulk material and geometry of the sandwich columns and
analytical formulae are derived for each of these modes. Failure maps are constructed for sandwich columns made from an
elastic ideally-plastic material and AISI 304 stainless steel which has a strongly strain hardening response. Pyramidal core
sandwich columns made from 304 stainless steel have been designed using these mechanism maps and the measured
responses are compared with the analytical predictions. Finally, optimal single layer and multi-layer pyramidal sandwich
column designs that minimize the weight for a given load carrying capacity are calculated using the developed analytical
models for the failure of the sandwich columns. The results demonstrate that pyramidal core sandwich columns outper-
form the currently used hat-stiﬀened column design.
 2006 Elsevier Ltd. All rights reserved.
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The interest for metallic sandwich panels with cellular cores (Gibson and Ashby, 1997) has grown rapidly
over the last decade because of their lightweight attributes and their potential for multifunctional applications
(Evans et al., 2001). Metallic sandwich panels have been traditionally made using stochastic cores such as alu-
minium alloy foams (Ashby et al., 2000; Bart-Smith et al., 2001) or micro-architectured lattice materials such
as the hexagonal honeycomb. A number of new metallic core topologies have recently emerged (Wadley et al.,
2003), presenting combinations of properties that make them an attractive option in sandwich constructions
with multifunctional purposes. Three-dimensional periodic truss cores, such as pyramidal, tetrahedral or
octet-truss core (Deshpande et al., 2001b), have now been recognized to be attractive candidates for multifunc-
tional ultra-light structures due to their open-cell structure with high nodal connectivity (Wallach and Gibson,0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.10.004
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3534 F. Cote et al. / International Journal of Solids and Structures 44 (2007) 3533–35562001; Deshpande et al., 2001a). Signiﬁcant progress has been made recently in predicting (Deshpande and
Fleck, 2001; Wicks and Hutchinson, 2001) and measuring (Chiras et al., 2002; Zok et al., 2004; Rathbun
et al., 2004; Coˆte´ et al., 2006) the mechanical response of truss core sandwich structures for load bearing appli-
cations. These studies of these structural materials and systems have mainly been focused on the compressive,
shear response of the lattice materials and the investigation of the bending response of sandwich beams and
plates with lattice material cores (Deshpande and Fleck, 2001; Zok et al., 2004).
The compressive response of sandwich columns has received limited attention in the literature. Budiansky
(1999) and Wicks and Hutchinson (2001) conducted theoretical investigations of the compressive response of
metallic sandwich panels with metal foam and lattice cores, respectively, and demonstrated that hat-stiﬀened
panels outperform metal foam core sandwich columns. Sridhar and Fleck (2002) conducted a theoretical and
experimental investigation of failure mechanisms of sandwich columns with composite faces and polymer
foam cores. However, to-date there have been no experimental studies of the compressive response of metallic
sandwich columns with lattice material cores. Before the potential of lightweight structures with lattice mate-
rial cores can be realized, the in-plane compressive response must be understood. The present study addresses
this deﬁciency.
The outline of the paper is as follows. First analytical expressions are derived for the collapse load of sand-
wich columns made from elastic–plastic solids. These expressions are employed to construct failure mecha-
nism maps for the sandwich columns with non-dimensional geometrical parameters of the columns as axes.
These maps are constructed for sandwich constructions made from an elastic ideally-plastic material and AISI
304 stainless steel. Specimen designs are then chosen from these maps to probe the diﬀerent failure regimes and
the measured responses compared with the analytical predictions. Finally, minimum weight solutions are
found for pyramidal core sandwich columns and compared with monolithic and hat-stiﬀened column designs.
2. Analytical predictions for competing failure modes
Consider a sandwich column of length L and width b (into the plane of the paper) with clamped ends (i.e.
constrained against rotation and displacement perpendicular to the column) and subjected to a compressive
end load P, as sketched in Fig. 1a. The sandwich column comprise of face-sheets of thickness h and a square
base pyramidal core with square section struts of area t2, length, l and inclined at an angle, x, with respect to
the base (Fig. 1b). Thus, the core thickness c is given by c = l sinx. Both face-sheets and pyramidal core are
made from the same isotropic material. In this study the sandwich columns are manufactured from AISI 304
stainless steel using a brazing process for the assembly. The measured tensile response of the stainless steel in
the as-brazed condition used to manufacture the sandwich columns plotted in Fig. 2 is adequately represented
by an elastic-ideally plastic solid of Young’s modulus E = 210 GPa, 0.1% oﬀset yield strength ry = 210 MPa
and yield strain ry/E  ey = 0.001. The elastic Poisson’s ratio for steel m = 0.3.
At least ﬁve failure modes exits for such columns under compressive loading: (i) Euler elastic macro buck-
ling, (ii) Euler type macro plastic buckling, (iii) macro elastic core shear buckling, (iv) elastic face wrinkling,
and (v) plastic face wrinkling. These failure modes are sketched in Fig. 3.
2.1. Macro elastic buckling
Two modes of macro elastic buckling are possible: an Euler buckling involving bending of the sandwich
column and a core shear buckling mode. The Euler buckling load is:PB ¼ k
2p2D
L2
; ð1Þwhere D is the ﬂexural rigidity of the column and k = 2 for a column with built-in ends (which are constrained
against rotation). The core shear buckling load is set by the shear stiﬀness of the core, viz.,P S ¼ S  Gcbl sinx; ð2Þ
where Gc is the shear modulus of the core and S the shear rigidity of the sandwich column. When the ﬂexural
and shear rigidities are of the same order of magnitude, the shear and bending buckling modes interrelate and
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Fig. 1. (a) A clamped–clamped pyramidal core sandwich column under compressive load. (b) Geometry of the pyramidal core.
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Fig. 2. Quasi-static uniaxial tensile stress versus strain response of the 304 stainless steel in the as-brazed condition.
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critical buckling load of elastic columns taking into account the eﬀects of shear deformation. Written in the
simplest possible form, the critical load Pcr is given by
face wrinklingmacro buckling
(bending)
macro buckling
(shear)
Fig. 3. Failure modes of pyramidal core sandwich column.
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P cr
¼ 1
PB
þ 1
P S
: ð3ÞEqs. (1)–(3) are valid for sandwich panels with thin faces, i.e. when it is acceptable to neglect the bending stiﬀ-
ness of the individual faces. For sandwich columns with thick faces, the elastic buckling load can be expressed
as (Allen, 1969; Zenkert, 1995)P cr ¼
2k4p4DfD0
L4
þ k2p2D
L2
S
k2p2D0
L2
þ S
; ð4Þwhere the ﬂexural rigidities D0, Df and D are deﬁned asD0 ¼Ebhðhþ l sinxÞ
2
2ð1 m2Þ ; ð5aÞ
Df ¼ Ebh
3
12ð1 m2Þ ; ð5bÞ
D ¼2Df þ D0; ð5cÞwhere E and m are the Young’s modulus and Poisson’s ratio, respectively, of the solid material. Recall that
under in-plane stretching the deformation of the pyramidal core is bending governed and thus we have
neglected the contribution of the core to the ﬂexural rigidity. Moreover, we have assumed that plane strain
conditions prevail and thus the factor 1  m2 is introduced in the expressions above. It is reasonable to assume
that the shear rigidity S of the sandwich column is set by the shear rigidity of just the pyramidal core, i.e. the
shear stiﬀness of the faces is negligible. Employing the analysis of Deshpande and Fleck (2001), we obtain S in
terms of the core geometry asS ¼ Eb sin2 x t
2
l
: ð6Þ
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The above expressions for the critical buckling load are valid as long as the face-sheets of the sandwich col-
umn remain elastic, i.e. the critical buckling load Pcr given by Eq. (4) satisﬁes the inequalityP cr <
4bhryﬃﬃﬃ
3
p ; ð7Þwhere ry is the yield strength of the solid material and the factor 2=
ﬃﬃﬃ
3
p
is introduced as plane strain conditions
are assumed to prevail. If Eq. (7) is not satisﬁed, the buckling of the sandwich columns is governed by the
plastic response of the solid material and the critical buckling load in such cases is determined as follows.
Consider a sandwich column made from an elastic strain hardening plastic solid. The critical buckling load
is again given by Eq. (4), with the ﬂexural and shear rigidities appropriately modiﬁed to account for the plastic
deformation of the face-sheets. Assuming small transverse deﬂections at the bifurcation load, the core remains
elastic and the shear rigidity is given by Eq. (6). However, the ﬂexural rigidity is now a result of the plastic
response of the faces and here we employ the Shanley (1947) tangent modulus assumption to estimate the ﬂex-
ural rigidities under plastic conditions asD0 ¼Etbhðhþ l sinxÞ
2
2
; ð8aÞ
Df ¼Etbh
3
12
; ð8bÞ
D ¼2Df þ D0; ð8cÞ
where Et  drs/des is the tangent modulus of the plane strain true tensile stress versus logarithmic strain curve
of the parent material evaluated at rs = Pcr/2bh. Note that the von-Mises yield criterion and ﬂow rule dictate
that the plane strain yield stress is related to the plane stress tensile stress by, rs ¼ 2r=
ﬃﬃﬃ
3
p
, and the work con-
jugate strain to rs is related to the plane stress tensile strain by, es ¼
ﬃﬃﬃ
3
p
e=2.
It is worth emphasizing here that in case of an elastic ideally-plastic parent material, face yielding is the
appropriate collapse mode if the elastic buckling load given by Eq. (4) does not satisfy the inequality, Eq.
(7). This face yield collapse load is obtained by setting the stresses in the face-sheets to the plane strain yield
strength of the solid material and is given asPFY ¼ 4hbryﬃﬃﬃ
3
p : ð9Þ2.3. Elastic or plastic face wrinkling
Wrinkling is the short wavelength buckling of the face-sheets of these sandwich columns. These sheets of
thickness h can buckle elastically as columns between the points of attachment to the pyramidal core and set
the compressive strength of the sandwich columns asPFW ¼ k
2p2bE
12 cos2 xð1 m2Þ
h3
l2
if
h
l
<
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
48 cos2 xð1 m2Þryﬃﬃﬃ
3
p
k2p2E
s
: ð10ÞIf the compressive stress acting in the face-sheet exceeds the elastic limit, the plastic face wrinkling load for a
strain hardening material is given as (Shanley, 1947):PFW ¼ k
2p2bEt
12 cos2 x
h3
l2
if
h
l
P
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
48 cos2 xð1 m2Þryﬃﬃﬃ
3
p
k2p2E
s
; ð11Þwhere Et  drs/des is the tangent modulus of the plane strain true tensile stress versus logarithmic strain
curve of the parent material evaluated at rs = PFW/2bh. The factor k depends on the end-constraints set by
the pyramidal cells. In these sandwich columns, the lowest mode corresponds to the buckling of the face-sheets
3538 F. Cote et al. / International Journal of Solids and Structures 44 (2007) 3533–3556as pin-jointed struts between the attachment points to the pyramidal core and thus we set k = 1 in Eqs. (10)
and (11).2.4. Mechanism maps
The regimes of dominance of the failure modes described above can be illustrated in a collapse mechanism
map. In constructing such a map, it is assumed that the operative collapse mode is the one associated with the
lowest collapse load P. Failure mechanism maps are constructed for a predeﬁned strut thickness to length
ratio t/l, pyramidal core angle x, and a given stress versus strain response of the parent material. These maps
are developed as a function of the non-dimensional parameters h/l and L/l. The boundaries of each failure
mode are obtained by evaluating the minimum normalised collapse load P/(rybl sinx) at given values of h/l
and L/l. Maps are constructed for two geometries of pyramidal cores; core A with strut aspect ratio0 0.1 0.2 0.3 0.4 0.5
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Fig. 4. (a) Collapse mechanism map of the pyramidal core sandwich column with ﬁxed pyramidal core geometry with t/l = 0.037 and
x = 45.6 (core A) made from (a) stainless steel 304 and (b) an elastic perfectly plastic material (ey = 0.001, m = 0.3). Contours of
normalized collapse load and normalized weight are marked on the map along with the ﬁve geometries tested here. The gray zone denotes
the regime where macro buckling is core shear dominated.
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constructed from core A are shown in Fig. 4 assuming that the columns are made from 304 stainless steel
(Fig. 4a) or an elastic ideally-plastic material with yield strain ry/E  ey = 0.001 and Poisson’s ratio m = 0.3
(Fig. 4b). The choice of material response for the parent material signiﬁcantly inﬂuences the locations of
the boundaries between failure modes. Also added on the maps are the contours of the normalised collapse
load P  P=ðrybl sinxÞ and normalised weight W  W =ðqbl2Þ, whereW is the weight of the sandwich column
and q the density of the solid material from which the sandwich is constructed. While the shear and bending
deformations are both active during the macro buckling processes, it is instructive to know which one of these
modes is dominating at the bifurcation. The gray area on the map corresponds to the conﬁgurations where the
shear buckling load PS < PB and thus corresponds to the regime where buckling due to global core shear is the
dominant mechanism.
The eﬃciency of the sandwich assembly can be evaluated by comparing its critical load P with that of a
sandwich with a weak core, i.e. S = 0. This reduces the buckling load of the sandwich to that of the face-sheets
acting as two separate columns of ﬂexural rigidity Df and given asFig. 5.
geome
bucklinP f ¼ k
2p2Df
L2
: ð12ÞContours of the structural eﬃciency P/2Pf are added on mechanism map for core A (Fig. 5) and highlight the
low eﬃciency of a sandwich column in the bottom right hand corner of the map.
Mechanism maps for 304 stainless steel sandwich columns constructed from core B are plotted in
Fig. 6, with contours of the normalised collapse load P and weight W included in Fig. 6a and con-
tours of P/2Pf included in Fig. 6b. The shear rigidity S of core B is much higher than core A; hence
shear buckling is not an active collapse mechanism for any realistic design of a sandwich column made
from core B.
We note that for practical values of h/l, i.e. 0 < h/l < 0.5, core A is susceptible to all ﬁve failure mechanisms.
For the stiﬀer core, core B, shear buckling only becomes dominating if h/l > 0.6. These maps are used to design
specimens to probe the various failure modes and thus test the robustness of the analytical models presented
here. Nine samples have been designed, tested and compared with the predicted response. These designs are
marked in Figs. 4a and 6a.1.5
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In order to conﬁrm the validity of the analytical formulae given in Section 2, AISI 304 stainless steel sand-
wich columns with the two diﬀerent pyramidal cores were tested under edgewise compressive loading.3.1. Material and manufacturing
The pyramidal cores are made using commercially available AISI 304 stainless steel (Fe–18Cr–8Ni). The
cores are fabricated by ﬁrst laser cutting a diamond pattern into a ﬂat sheet leaving a series of intersecting
ligaments with square cross-sections. The perforated sheet was folded in a concertina-like fashion to generate
a pyramidal truss core with struts of square cross-section (Fig. 1b). The core is then attached to the face-sheets
through a brazing process. First, the cores are successively dipped in a polymer-based cement (Nicrobraz
520) and a Ni–22Cr–6.5Si–4.5P braze powder (Nicrobraz 31), supplied by Wall Colmonoy Corporation
F. Cote et al. / International Journal of Solids and Structures 44 (2007) 3533–3556 3541(Madison Heights, MI). They are then placed between stainless steel face-sheets whose thickness has been cho-
sen to induce predeﬁned failure modes. Steel blocks, approximately 25 mm in length, are also dipped and
placed between the face-sheets at either end of the core to allow for gripping of the sandwich columns during
the experiment. The samples are then bonded together for 1 h in a vacuum furnace at 1075 C, using a dry
argon atmosphere at 3–10 Pa.
Given the strut length l, thickness t and their angle x with respect to the base, the relative density q of the
core (ratio of the density of the smeared-out core to the density of the solid material from which the core is
made) can be estimated as (Deshpande and Fleck, 2001):q ¼ 2
cos2 x sinx
t
l
 2
: ð13ÞTwo pyramidal core designs were fabricated. As mentioned previously, the ﬁrst, designated core A, has a strut
length l = 16.2 mm, thickness t = 0.6 mm, and x = 45.6, giving q ¼ 0:008. The second, called as core B, has a
relative density q ¼ 0:045 and is made with l = 13.6 mm, thickness t = 1.2 mm, and x = 45.8.
3.2. Test protocol
The compressive response of pyramidal core sandwich columns was measured in a 150 kN capacity screw
driven test machine at a nominal applied strain-rate of 104 s1. The columns were ﬁrmly gripped over the
25 mm long solid steel blocks that were inserted at the specimen ends (Fig. 1a) in order to constrain the rota-
tion of the specimen ends and simulate end-clamped boundary conditions during the compression of the col-
umns. The applied load P was measured by the load cell of the test machine while a laser extensometer was
used to measure the relative displacements d of the end–caps of the column.
3.3. Experimental results and comparison with predictions
Nine sandwich column geometries (ﬁve with pyramidal core A and four with pyramidal core B) were select-
ed by varying the face-sheet thickness h and column length L. These geometries are marked in Figs. 4a and 6a.
These nine geometries were selected in an attempt to span the ﬁve failure modes identiﬁed in the analytical
study. However, no practical laboratory scale sandwich column could be designed to lie in the macro elastic
buckling failure regime and thus only four of the failure regimes are probed in this experimental study. A sum-
mary of the geometries employed in the end compression tests is given in Table 1, along with the measured and
observed predicted loads and failure modes. At least two repeat tests were conducted for each column geom-
etry in order to gauge the level of the experimental scatter.
3.3.1. Elastic face wrinkling
Elastic face wrinkling was predicted and observed in specimens a and f. The measured collapse response of
specimen f(core B,L = 142 mm,h = 0.3 mm) is presented in Fig. 7. Referring to the photographs of the defor-
mation history presented in Fig. 7b, we observe that the load increases linearly until buckling occurs of the
face-sheet between the second and third row of pyramidal cells at a load of 3.88 kN. A softening post-buckling
response follows. The predicted failure loads (Table 1) for specimens a and f are somewhat higher than the
measurements and this discrepancy is attributed to imperfections in the manufactured specimens. The analyt-
ical prediction pertain to the perfect geometry and specimens a and f that lie at the boundary between the elas-
tic and plastic face wrinkling regimes are expected to display a strong sensitivity to initial imperfections
(Hutchinson, 1974).
3.3.2. Plastic face wrinkling
Plastic face wrinkling failure is predicted and observed in specimens b, g and h. The measured response of
specimen g(core B,L = 142 mm,h = 0.5 mm) and the corresponding photographs of the deformation history
are presented in Fig. 8. Overall, the compressive response is similar to the elastic face wrinkling case shown in
Fig. 7 and we infer that plastic face wrinkling is the operative collapse mode from the fact that the predicted
peak load P > 2hbry. Again the measured peak load is lower than the analytical prediction as this specimen
Table 1
Summary of the geometries employed in the end compression tests along with the predicted and measured failure loads and collapse modes
Specimen label Core type b (mm) L (mm) h (mm) Ppred (kN) Predicted failure mode Pmeasured (kN) Observed failure mode
a A 53.5 162 0.30 2.12 EFW 1.51 EFW
1.33 EFW
b A 53.5 162 1.78 49.93 PFW 32.27 MPB–PFW
25.69 MPB–PFW
23.73 MPB–PFW
c A 53.5 162 3.85 116.62 MPB (shear) 73.38 MPB (shear)
72.49 MPB (shear)
d A 53.5 162 6.20 181.92 MPB (shear) 113.17 MPB (shear)
115.17 MPB (shear)
e A 53.5 454 2.40 61.69 MPB 33.79 MPB
36.70 MPB
f B 56.5 142 0.30 3.22 EFW 3.88 EFW
3.12 EFW
3.09 EFW
g B 56.5 142 0.50 11.15 PFW 8.60 PFW
7.72 PFW
8.88 PFW
h B 56.5 142 1.78 55.61 PFW 47.00 MPB–PFW
45.79 MPB–PFW
41.08 MPB–PFW
i B 56.5 454 1.78 49.36 MPB 29.20 MPB
34.94 MPB
The failure modes in this table are abbreviated by EFW: elastic face wrinkling; PFW: plastic face wrinkling; MPB: macro plastic buckling.
In case of the MPB mode when the buckling is core shear dominated this is indicated in the table.
3542 F. Cote et al. / International Journal of Solids and Structures 44 (2007) 3533–3556too lies at the boundary of the elastic and plastic face wrinkling modes. Two other specimen conﬁgurations,
namely specimens b and h, were designed to collapse by plastic face wrinkling but the observed collapse mech-
anism in those cases was a combination of plastic face wrinkling and global plastic buckling (refer to Table 1).
This observation is consistent with the fact that the predicted plastic face wrinkling and plastic macro buckling
failure loads are approximately equal, i.e. the specimens lie at the respective regime boundaries.3.3.3. Macro plastic buckling: bending dominated
Macro plastic buckling (bending dominated) is observed and predicted in specimens e and i. The measured
collapse response of specimen i(core B,L = 454 mm,h = 1.78 mm) is presented in Fig. 9. The load increased
linearly with the displacement until transverse deﬂection commences. Subsequently, a non-linear behaviour
was observed until the peak load was attained at 34.94 kN, followed by a softening post-buckling response.
This measured peak stress is about 40% lower than the plastic buckling prediction. This discrepancy between
experiment and prediction is attributed to the fact the built-in conditions assumed in the model cannot be
completely reproduced in the experiments—any small end rotations can result in signiﬁcant reductions in
the critical buckling loads. The results for specimen e manufactured from core A were similar, albeit the load
drop beyond the peak load in specimen e was more dramatic than in specimen i.3.3.4. Macro plastic buckling, shear dominated
As shown in the mechanism maps for core A (Fig. 4), when the face-sheet thickness increases, macro buck-
ling is dominated by the shear response of the core. Specimens c and d were designed to lie in this regime. The
measured compressive response of specimens c(core A,L = 162 mm,h = 3.85 mm) and d(core
A,L = 162 mm,h = 6.20 mm) are included in Figs. 10 and 11, respectively, along with a montage of photo-
graphs showing the deformation of the specimen. We observe that (i) the response if non-linear prior to
the attainment of the peak load indicating that the face–sheets undergo plastic deformation and (ii) at the peak
load there is nearly no transverse deﬂection of the columns suggesting that the critical buckling load is not
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Fig. 7. (a) The measured collapse response of sandwich column specimen f. The specimen collapses in an elastic face wrinkling mode. The
analytical prediction of the collapse load is included. (b) Photographs of the deformation history of the panel in (a).
F. Cote et al. / International Journal of Solids and Structures 44 (2007) 3533–3556 3543bending dominated. In both cases, the measured peak load is about 35% lower than the plastic buckling
prediction.3.3.5. Macro plastic buckling: bending versus core shear dominated
The diﬀerentiation between the macro shear buckling and bending buckling modes is subtle in these exper-
iments as both modes are always simultaneously active and the ﬁnal deformed shapes are somewhat similar.
In order to illustrate the diﬀerences between the modes it is necessary to observe the deformation of the core.
In bending governed buckling, cross-sections of the core rotate and remain approximately perpendicular to
neutral axis of bending of the column. On the other hand, in shear dominated buckling, the core shears
and cross-sections of the core will not undergo signiﬁcant rotations. Photographs of the core deformation
of collapsed specimens b,c and d are presented in Fig. 12. In these photographs, the rotation and deformation
displacement δ (mm)
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Fig. 8. (a) The measured collapse response of sandwich column specimen g. The specimen collapses in a plastic face wrinkling mode. The
analytical prediction of the collapse load is included. (b) Photographs of the deformation history of the panel in (a).
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un-deformed specimens and the photographs in Fig. 12 clearly show that the lines rotate in specimen b (indi-
cating bending deformations) while they remain approximately horizontal in-spite of the transverse deﬂection
of the columns in specimens c and d (indicating shear deformation of the core).
In summary, in some cases the measured loads are signiﬁcantly lower than the predictions. Such discrep-
ancies between predictions and measurements are not uncommon in structures made from stainless steel which
has a sharp transition from its elastic response (Young’s modulus E = 210 GPa) to a linearly hardening plastic
response with a tangent modulus Et = 2 GPa. Small manufacturing imperfections give rise to large drops in
the collapse loads (e.g. compare the predicted and measured peak loads for specimen e in Table 1) resulting
in the discrepancies between the predictions, which do not account for the presence of imperfections and the
measurements.
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Fig. 9. (a) The measured collapse response of sandwich column specimen i. The specimen collapses in a macro plastic buckling mode
(bending dominated). The analytical prediction of the collapse load is included. (b) Photographs of the deformation history of the panel in
(a).
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Minimum weight design of axially compressed ﬂat panels involves the selection of geometries that minimize
the weight for a given panel failure load (taking in account all possible failure mechanisms). Flat panels with
longitudinal Z-section, Y-section or hat stringers are widely used as compression components in aircraft struc-
tures and their minimum weight design was the focus of a large research eﬀort during and after World War II
e.g. (Zahorski, 1944; Schuette, 1945; Farrar, 1949). The optimal solution for these kind of structures is found
by equating the macro buckling load PG, which is governed by the second moment of area of the panel cross-
section and the length of the panel L, with the load PL at which local buckling occurs. These analyses were
typically carried out by employing the elastic buckling theory for plates developed by Timoshenko and Gere
(1961).
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Fig. 10. (a) The measured collapse response of sandwich column specimen c. The specimen collapses in a macro plastic buckling mode
(shear dominated). The analytical prediction of the collapse load is included. (b) Photographs of the deformation history of the panel in
(a).
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Typically, the length L of a panel is prescribed in a design situation and thus the only geometric variables
are the geometric parameters of the panel such as the size of the hat-stiﬀeners. Thus, for an axial compressed
panel, the appropriate structural load index is P  P=ðrybLÞ while the weight index is W  W =ðqbL2Þ. An opti-
mal solution for a prescribed value of P is the design (in terms of the panel geometry) that minimizes W . Here
we compare the performance of the pyramidal core sandwich columns with that of hat-stiﬀened panels.
4.0.6. Hat-stiﬀened panels
When optimised in the elastic range, the Z-section stiﬀened panel and hat-stiﬀened panels oﬀer similar per-
formance (Farrar, 1949; Catchpole, 1954). Budiansky (1999) extended the optimization problem to the plastic
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Fig. 11. (a) The measured collapse response of sandwich column specimen d. The specimen collapses in a macro plastic buckling mode
(shear dominated). The analytical prediction of the collapse load is included. (b) Photographs of the deformation history of the panel in
(a).
F. Cote et al. / International Journal of Solids and Structures 44 (2007) 3533–3556 3547range for a hat-stiﬀened panel of simpliﬁed geometry (Fig. 13). The panels of length L have a uniform wall
thickness h and are stiﬀened by square webs of length w and spaced as a distance w as sketched in Fig. 13.
The weight W of such panel of width b isW ¼ 5
2
qbhL: ð14ÞThe global buckling load PG is given asPG ¼
13k2p2Ehb
30ð1m2Þ
w
L
 2
if wL <
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
150ð1m2Þry
13
ﬃﬃ
3
p
k2p2E
q
13k2p2Ethb
30
w
L
 2
otherwise
8<
: ; ð15Þ
b ca
Fig. 12. Photographs of deformed specimens to indicate the core deformation. (a) Specimen b which collapsed in a bending dominated
macro plastic buckling mode, (b) specimen c which collapsed in shear dominated macro plastic buckling mode and (c) specimen d which
also collapsed in shear dominated macro plastic buckling mode. The overlaid lines on the photographs were horizontal in the un-deformed
specimens and indicate the type of buckling mode.
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Fig. 13. Sketch of the hat-stiﬀened panel with the deﬁnitions of the geometric parameters.
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F. Cote et al. / International Journal of Solids and Structures 44 (2007) 3533–3556 3549where Et  drs/des is the tangent modulus of the plane strain true tensile stress versus logarithmic strain curve
of the parent material evaluated at rs = PG/5wh and k is a constant that depends of the end-constraints of the
panel (k = 2 of built-in conditions at both ends).
The local buckling load PL is given byPL ¼
5p2Eb
6ð1m2Þ
h3
w2 if
t
w <
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ð1m2Þry
p2E
q
5p2Epb
6ð1m2pÞ
h3
w2 otherwise:
8><
>: ; ð16Þwhere Ep and mp are the plastic modulus and Poisson’s ratio derived from a modiﬁed version of deformation
plasticity theory (Stowell and Pride, 1951) and speciﬁed asEp ¼ Es 1
2
þ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
4
þ 3Et
4Es
s !
; ð17Þ
mp ¼ 1
2
 Es
E
1
2
 m
 
; ð18Þwith Et  dr/de and Es  r/e are the tangent and secant moduli to the plane stress, stress versus strain curve at
the value of the material stress r = PL/5wh. The operative failure mechanism corresponds to the mode with
the lowest collapse load.
These formulae for the collapse loads can be employed to determine the optimal geometry, i.e. values of (t/
L,w/L) that minimize W for a given load P .
4.0.7. Pyramidal core sandwich columns
Wicks and Hutchinson (2001) concluded that optimised sandwich panel with tetrahedral core compare
favourably with the optimised hat-stiﬀened panels. Assuming an elastic ideally-plastic parent material, they
considered four collapse mechanisms, i.e. (i) global elastic buckling, (ii) face yielding (iii) global shear buck-
ling, and (iv) local elastic face-sheets wrinkling.
The objective here is to ﬁnd the optimal design parameters of pyramidal core sandwich columns made from
a strain hardening material such as the AISI 304 stainless steel used in the present experimental investigation.
We restrict consideration to a pyramidal core with a square base and angle x = 45. The optimisation problem
then reduces to determining the non-dimensional geometric parameters h/L, t/L and l/L that minimise the
weight index W  W =ðqbL2Þ for a prescribed load index P  P=ðrybLÞ. This optimisation was performed
numerically using a constrained non-linear optimization algorithm available with the Optimization Toolbox
in MATLAB 7.1. Note that the weight of a pyramidal core column is given asW ¼ 2bq hLþ 2 Lt
2
l
 
: ð19ÞRecall that the pyramidal core has fourfold symmetry and thus the compressive response of the pyramidal
core columns is identical for loading in two orthogonal directions. This is however not the case for the hat-
stiﬀened panel and thus performances of the pyramidal core sandwich columns are compared with the
hat-stiﬀened panels for two extreme cases: (i) loading axially (upper bound) with respect to the hat-stiﬀeners
corresponding to the analysis to Budiansky (1999) and (ii) loading transverse to the hat-stiﬀeners (lower
bound). In fact, this lower bound reduces to a monolithic panel under end compression.
The predictions of the minimum weight W of pyramidal core sandwich and hat-stiﬀened columns (made
from elastic ideally plastic materials with a yield strain ey = 0.001 and elastic Poisson’s ratio m = 0.3) are plot-
ted in Fig. 14a as a function of the load index P . Similar to the results of Wicks and Hutchinson (2001) we
observe that for very low load indices, axially loaded hat-stiﬀened panels are more eﬃcient than the pyramidal
core sandwich columns, but the performances of these two types of panels converge for P > 103. It is worth
noting that the transversely loaded hat-stiﬀened panels behave as monolithic panels and hence have a perfor-
mance signiﬁcantly inferior to the pyramidal core sandwich columns. The design parameters of the pyramidal
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Fig. 14. (a) Comparison between the collapse load of the optimised pyramidal core sandwich column (x = 45) and optimised axially and
transversely loaded hat-stiﬀened panels. All these panels are made from an elastic perfectly plastic material with ey = 0.001 and m = 0.3. (b)
The associated optimal design parameters of the pyramidal core sandwich columns.
3550 F. Cote et al. / International Journal of Solids and Structures 44 (2007) 3533–3556core sandwich panels associated with the optimal solution are presented in Fig. 14b. In the elastic regime, i.e.
P < 103, macro elastic buckling and elastic face-sheet wrinkling are the active collapse mechanisms associated
with the optimal solution of the sandwich panel. For higher values of the load index (P > 103), the optimal
solution lies at the boundary of the macro elastic buckling, elastic face-sheet wrinkling and face yielding
regimes.
The optimization results for panels made from AISI 304 stainless steel are included in Fig. 15 with the pre-
dicted minimum weight W plotted as a function of P in Fig. 15a and the associated design parameters of the
pyramidal cores sandwich panels shown in Fig. 15b. We observe that while the pyramidal core sandwich col-
umns and hat-stiﬀened panels have a similar performance at low values of P , the hat-stiﬀened panels out-per-
form the pyramidal core panels at high loads. This diﬀerence can be attributed to the strong local buckling
mode of the hat-stiﬀened panels in the plastic range. The local buckling mode of these panels involves a
combination of bending and twisting, which provides an advantage over the sandwich columns which have a
rather weak local buckling mode involving face wrinkling. It is worth emphasizing here that the optimal designs
are strongly dependent on the solid material properties with the optimal designs signiﬁcantly diﬀerent for sand-
wich column made from an elastic ideally plastic material (Fig. 14b) or AISI 304 stainless steel (Fig. 15b).
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Fig. 15. (a) Comparison between the collapse load of the optimised pyramidal core sandwich column (x = 45) and optimised axially and
transversely loaded hat-stiﬀened panels. All of these panels are made from 304 stainless steel. (b) The associated optimal designs of the
pyramidal core sandwich columns.
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analytical models developed above. However, in Section 3 we observed that the measured collapse loads can
be signiﬁcantly lower than the predicted loads and hence the optimal results presented here should we viewed
as upper bounds on the load carrying capacity of the pyramidal core sandwich columns: further investigations
into the eﬀects of imperfections are warranted to establish design guidelines for designing such sandwich
columns.
5. Multi-layer pyramidal core sandwich columns
The point was made above that the face wrinkling failure mode in pyramidal core sandwich columns results
in axially loaded hat-stiﬀened panels outperforming the pyramidal core sandwich panels. This face wrinkling
mode is governed by the inter-node spacing of the pyramidal core with the face wrinkling load decreasing with
increasing inter-node spacing. Thus, decreasing the inter-node spacing for a given sandwich core thickness
might enable the pyramidal core sandwich columns to compete favourably with the axially loaded hat-stiﬀ-
ened panels.
A multi-layer pyramidal core and a panel made from it are sketched in Fig. 16 in order to deﬁne the geo-
metrical parameters. The number of layers N corresponds to the number of pyramidal core layers stacked one
2ω
l
t
c
L
hb
ba
c
Fig. 16. (a) Sketch of a multi-layer pyramidal core of N = 10 layers with the deﬁnitions of the geometric parameters. (b) Sketch of a multi-
layer pyramidal core panel with the deﬁnitions of the geometric parameters.
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layer core, viz. the strut thickness t, strut length l and angle x. We note that for a given core thickness
c = Nl sinx, the inter-node distance is
ﬃﬃﬃ
2
p
c cotx=N , i.e. the inter-node spacing decreases with increasing num-
ber of pyramidal core layers. We now proceed to detail the expressions for the failure loads of the multi-layer
pyramidal core sandwich column.
5.1. Macro buckling collapse mode
The failure load expressions remain unchanged except of the fact that the ﬂexural rigidity D0 is now spec-
iﬁed asD0 ¼ Ebhðhþ Nl sinxÞ
2
2ð1 m2Þ ð20aÞandD0 ¼ Etbhðhþ Nl sinxÞ
2
2ð1 m2Þ ð20bÞfor the elastic and plastic buckling regimes, respectively, while the shear rigidity S is given as (Zupan et al.,
2004)S ¼ Eb sin2 x t
2
l
1 Nl sinx
L
 
: ð21ÞThese expressions for the ﬂexural and shear rigidities can then be used in the formulae in Section 2 to predict
the macro buckling loads of the pyramidal core sandwich columns.
5.2. Face wrinkling collapse mode
The face wrinkling failure only depends on struts length l and the face thickness h, thus the expressions Eqs.
(10) and (11) prevail for a multi-layer pyramidal core panel.
5.3. Optimisation of the multi-layer pyramidal core sandwich columns
A numerical study has been carried out to determine the optimal design of a pyramidal sandwich structure
where the number of layers has been included as a design parameter. Again, the pyramidal core is assumed to
F. Cote et al. / International Journal of Solids and Structures 44 (2007) 3533–3556 3553have a square base the strut angle ﬁxed at x = 45. Thus, the optimisation problem is to determine the values
of the geometrical parameters h/L, t/L, l/L and N that minimises the weightFig. 17
loaded
associaW ¼ 2bq hLþ 2N Lt
2
l
 
; ð22Þof the sandwich column for a given collapse load P.
Optimisation results are shown in Figs. 17 and 18 for columns made from an elastic ideally-plastic material
(yield strain ey = 0.001 and elastic Poisson’s ratio m = 0.3) and AISI 304 stainless steel, respectively. In the case
of an elastic perfectly plastic material, the optimal pyramidal core sandwich panel outperforms the optimal
axially loaded hat-stiﬀened panel for P < 0:6 103 (Fig. 17a) and the performance of the two designs is
comparable at higher loads. The corresponding optimal designs of the pyramidal core sandwich column
are plotted in Fig. 17b and we observe that the optimal multi-layer design reduces to the single layer design
at higher loads.0
Lh
Ll0.1×
Lt
N10-4×
0 0.4 0.8 1.2 1.6 2
0.4
0.8
1.2
1.6
2 x 10
-3
x 10-3
b
0 0.4 0.8 1.2 1.6 2
0.4
0.8
1.2
1.6
2 x 10
-3
x 10-3
a
W
ρbL2
y bLP σ
y bLP σ
. (a) Comparison between the collapse load of the optimised multi-layered pyramidal core sandwich column (x = 45) and axially
optimised hat-stiﬀened panel. All the panels are made from an elastic perfectly plastic material with ey = 0.001 and m = 0.3. (b) The
ted optimal design parameters of the multi-layer pyramidal core sandwich panel.
aW
ρbL2
y bLP σ
y bLP σ
0 0.004 0.008 0.012 0.016 0.02
0
0.004
0.008
0.012
0.016
0.02
0 0.004 0.008 0.012 0.016 0.02
0
0.002
0.004
0.006
0.008
0.01
Lh
Ll0.1×
Lt
b
N10-3×
Fig. 18. (a) Comparison between the collapse load of the optimised multi-layered pyramidal core sandwich column (x = 45) and axially
loaded optimised hat-stiﬀened panel. All the panels are made from 304 stainless steel. (b) The associated optimal design parameters of the
multi-layer pyramidal core sandwich panel.
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shown in Fig. 18. It is clear from Fig. 18a that the collapse load for the optimized multi-layer pyramidal core
panel is much improved over a single layer core panel. As P increases the optimal number of layers N! 7. We
note that even though the axially loaded hat-stiﬀened panel always marginally outperforms the pyramidal core
sandwich columns, the transversally isotropic nature of the pyramidal core makes this type of construction a
far more attractive option for biaxial in-plane load bearing applications. This multi-layer analysis, although
preliminary, is instructive as it highlights the signiﬁcant potential of multi-layer construction and suggests that
the experimental studies of multi-layer constructions are warranted.6. Concluding remarks
This study on sandwich panels combines experimental and analytical results to examine the compressive
response of pyramidal core sandwich construction under in-plane loading. Analytical formulae are developed
for the collapse strength of the columns and the possible collapse modes for these types of sandwich columns
are identiﬁed. The analytical formulae are employed to construct collapse mechanism maps for the sandwich
F. Cote et al. / International Journal of Solids and Structures 44 (2007) 3533–3556 3555columns made from 304 stainless steel and test geometries that span the range of failure modes are selected
from these maps.
The measured collapse loads are in reasonable agreement with the predictions in most cases. However, sig-
niﬁcant discrepancies between the measurements and predictions are observed in some cases: these discrepan-
cies are attributed to imperfections in the specimens—the eﬀect of imperfections on the response of the
sandwich columns is suggested as a topic for future work. The analytical formulae are employed to conduct
a numerical optimisation in order to determine sandwich column designs that carry a given load at minimum
weight. The optimisations indicate that (i) the solid material properties, viz. an ideally plastic response versus a
strongly strain hardening response strongly inﬂuences both the load carrying capacity and optimal design of
the columns and (ii) the pyramidal core sandwich columns have a performance comparable to axially loaded
hat-stiﬀened panels at low collapse loads. However, the axially loaded hat-stiﬀened panels out-perform the
sandwich columns at high loads due to the weak face wrinkling collapse mode of the sandwich columns.
We demonstrate via numerical optimisations that the use of a multi-layer pyramidal core can signiﬁcantly
enhance the performance of the pyramidal core sandwich columns and match that of the axially loaded hat-
stiﬀened panels. Given the transverse isotropy of the pyramidal core we expect that pyramidal core panels are
an attractive option of situations where biaxial in-plane loading is signiﬁcant.
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